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ABSTRACT

Let V' be the complementary of a point oo in a compact Riemann surface
V. The normal convergence in compact subsets of V' of an infinite product
of meromorphic functions (with polynomic exponential singularities at co
of bounded degree) is shown in this paper to be equivalent to a certain
type of convergence of the double series of Newton sums of the divisors
of its factors. This applies, for instance, to products of Baker funciions
in V' and to products of meromorphic functions in V. The result for this
last case is also generalized to complementaries of arbitrary nonvoid finite
subsets of V.

1. Introduction

Let V be a compact {connected) Riemann surface of genus g, oo be a non-
Weierstrass point of V, and V' =V — {c0}. Let z be a coordinate in some open
neighbourhood V' of oo such that z(cc) = 0. For every 7 € N and every divisor
4 in V supported in V, that is § = Y 7_, nsa;, with n; € Z and a; € V for
i=1,...,r, let 0,(6) be 3.I_ n;z(a,)?. We shall call o;(6) the j-th Newton
sum of the divisor § with respect to the coordinate z.

Let Go be the multiplicative group of the Baker functions in V', i.e., those
meromorphic functions in V' with polynomic exponential singularity at oo of
degree < g (by which we mean that they are in V — {oo} of the form hef(1/?),
with h meromorphic in V' and P a polynomial of degree < g). Let (f,) be a
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sequence in G such that both of its sequences (6;) of zero divisors and (6,))
of polar divisors have bounded degree < k € N. Assume also that (f,) verifies
the following two conditions (which are obviously fulfilled if the infinite product
152, fn converges uniformly in the compact subsets of V'):

(1) The sequence (8,) = (6 —4,,) tends to co (in the obvious sense that every
neighbourhood of 0o contains all but finitely many supports of these divisors).

(2) There is some point go € V' such that [] f,(go) converges, the product
extending over the f, without pole at ¢q.

Then, it was proved in [3] that the absolute convergence of the series (of the
defined terms in) 377 0;(4y,), for 1 < j < k, implies that [[>>; f, converges
normally in the compact subsets of V', the two properties being equivalent if the
functions f, are meromorphic in V (in fact, condition (2) above was replaced
in [3] by the hypothesis that the f, without pole at ¢y are normalized so that
they take the value 1 at this point).

Suppose now that (4,,) is a sequence of arbitrary finite divisors in V' tending
to oo, and let (f,) be a sequence of normalized (in the above sense) Baker
functions in V' having (4,) as sequence of divisors (see, for instance, [2]). In this
general situation (without requiring that the corresponding sequences (4;}) of
zero divisors and (d,;) of polar divisors have bounded degree), a natural question
is if some analogue of the above result holds. For instance, does the convergence
of 320, |0j(6,)], for every j € N, imply the convergence of [1,2, fn?

Our purpose in this paper is to study the existence of sequences (f,) of
meromorphic functions in V', with polynomic exponential singularities at oo
of bounded degree, having a prescribed sequence (4,) of finite divisors (tending
to o), and such that [, fn converges uniformly in the compact subsets
of V'. We shall in fact show, among other results, that the above one does
have a generalization, but also that the mentioned hypothesis on the absolute

convergence of every series of j-th Newton sums is not sufficient, there being
o0

necessary another condition on the double series 3"

0(6,) to guarantee the
convergence of [[°2, fx.

In Section 2 we shall introduce some terminology and expose some results to
be used later. Part of them will be used to improve the cited result of [3] (in the
particular case of meromorphic functions in V) by showing that the hypothesis of
the absolute convergence of the first g series of Newton sums is superfluous. The
general case of products of functions with arbitrary finite divisors tending to oo
will be treated in Section 3, in which we introduce the concept of G-convergence
of a sequence of such divisors, and use it to characterize the products which are
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normally convergent in the compact subsets of V. In Section 4 we shall deal
with the existence of sequences of positive divisors with certain properties (the
term “positive” being used in this paper to emphasize that we refer to effective
divisors with at least one nonzero coefficient). Finally, in the last section we shall
briefly generalize some results to the case in which oo may be of Weierstrass,
and also to the case of V' being the complementary of any nonvoid finite subset
of V.

Besides the above explained notation, we shall also use the following:

For every open subset U of V, O(U) and M (U) will respectively be the rings
of holomorphic functions in U and of meromorphic functions in U. G(V') will
be the multiplicative group of the functions with finite divisor in V'.

For simplicity, the genus g of V will be supposed to be > 0, although the
results whose statements make sense in the case g = 0 are also true in this case.
We shall consider piecewise C' curves in V', Ay,..., Ay, By, ..., B,, defining
a canonical system of generators for the fundamental group of V (following,
for instance, the terminology in [5]), and A will be the simply connected open
subset of V complementary of the union of these curves.

wi, . ..,wg Will be a basis of the space of holomorphic differentials in V' veri-
fying fA,— w; = d8;; (Kronecker’s delta). For j =1,...,g, 8; will be the unique
holomorphic differential in V' such that 8; — dz/2z7*! is holomorphic in V and
such that fAe #;=0,for {=1,...,g9. For every pair q,b of points in A, 8, will
be the unique holomorphic differential in V — {a, b} having simple poles at a,b
with residues 1, —1, respectively, and such that [ A, Oy =0,for£=1,...,g. For
every divisor § = Z:=1 n;a;, with n; € Z and a; € V, 854, will briefly denote
the sum > 10,00, extended over the a, different from oo.

For every function 4 holomorphic in some open neighbourhood W of oo, we
shall also represent by 1 its natural extension to finite divisors § = z:zl n;a;
supported in W, i.e., ¥(8) = 3., nitp(a;). Note that if ) = 27 for some j € N,
then #(d) is the j-th Newton sum of § with respect to z.

From now on we shall suppose that V is a coordinate disk of radius 1 with
respect to z, centered at oo (i.e., z(V) is the open disk in C of radius 1 centered at
z(c0) = 0). We shall also assume without loss of generality that V is contained
in A. V' will be V —{o0}. A V-disk will be a coordinate disk D with respect to
z, centered at oo, and such that D C V. Unless otherwise stated all considered
Newton sums are with respect to z.

The following terminology, part of which has been already used, will be
utilized too:
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Let go € V — V, fixed from now on. We shall say that a function f € M(V'),
having no zero or pole at the point g, is normalized, if f(g) = 1. If f has a
zero or a pole at gg, we require no condition on f to be normalized, i.e., every
such f is normalized. A sequence (f,) in M (V') will be said to be normalized
if all the f, are normalized.

We shall say for short that an infinite product of meromorphic functions in an
open subset U of V converges normally, if it converges normally in all compact
subsets of U. The analogous shortening will be used for series of functions or
differentials.

The following proposition appearing in [3] will be useful.

PROPOSITION 1.1: For every a € A — {o0} and j = 1,...,4, let p;(a) € C
be such that 6a00 + _5-, ;(a)f; has null integrals along Bi,..., By. ‘Then,
¥1,. ..,y prolong to holomorphic functions in A, and each sum ¢; + 27, with
1< 4 <g, has a zero of order > g+ 1 at co.

From now on, whenever we consider a series having possibly a finite number
of undefined terms (for instance, Y ... ; 6;(6,), with j € N, and (8,) being a
sequence of divisors in V tending to 0o) and we say that it converges in some
sense, it must be understood that by getting rid of those terms the resulting se-
ries converges in the indicated way. The same will be valid for infinite products.

Every sequence of divisors in ) tending to co will be supposed, if necessary,
to have all its terms supported in V or even in some convenient V-disk (or
neighbourhood of co). It will be always clear that this is correct and means no
loss of generality.

2. Preliminaries and an improvement of a previous theorem

We shall recall in this section some results and explain some more useful
terminology and notation. We shall also improve the result of [3] mentioned
in the Introduction.

First, we introduce for brevity, the following:

Definition 2.1: A function f € M (V') will be called A-simple, if its divisor is
supported in A (i.e., all its zeros and poles are in A), and if the integrals of
dlog f along Ay,..., Ay, By, ..., By are null.

The following two propositions are elementary.

PROPOSITION 2.2: Let (a,), (by) be two sequences in a nonvoid open subset
U of C* converging to a same point of U. If Yo, |lbn — anl| converges (for
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X

some norm in C*), then Y oo

holomorphic function F in U.

. F(by) — F(ay) converges absolutely for every

PROPOSITION 2.3: If [[,", f. converges normally in V', with f, € M(V') for
every n € N, then there exists ng € N such that f, is A-simple for every n > nyg.

We now put together some properties of A-simple functions.

PROPOSITION 2.4: (1) If h € M (V) and its divisor ¢ is supported in A, then
dlogh = 500 + 20y (/ 4, dlog h)w;. In particular, if h is A-simple, then
dlogh = 0s500.

(2) If f € G is A-simple and its divisor is §, then

g
dlog f = 0500 + Z 0;(0)6;.
j=1
(3) A divisor § in V, supported in A, is the divisor of a A-simple function of
M(V) if and only if p;j(0) =0 for 1 < j < g.

Proof: (1) dlogh ~ (0500 + Z?zl( i) A, dlog h)w;) is a holomorphic differential
in V with null integrals along 4,,..., 4,.

(2) dlog f—(8500+)_7—, ¢;(0)6;) is a holomorphic differential in V' with a pole
of order < g + 1 at co. Since it has null integrals along A;,..., A4y, B1,...,By,
it is the logarithmic differential of some holomorphic function in V' with a pole
of order < g at oo, which must be a constant.

(3) Every divisor 4 in V, supported in A, is the divisor of a A-simple function
of G (see, for instance, [2]). By the definition of the ¢; and (2), this function
is meromorphic in V if and only if ¢;(6) =0,for 1 < j < g. |

The next result is not explicitly stated in [3], but is in fact proved in that
paper. It is a consequence of a theorem in Royden [9], which can be proved as
in (1)=(2) in Theorem 2.12 of [3].

THEOREM 2.5: Let (f,) be a normalized sequence of A-simple functions in
G(V') such that its sequence of divisors tends to co. Then, [[>7 fr con-
verges normally in V' if and only if for every V-disk D and every holomorphic
function 1 in some neighbourhood of D taking the value 0 at oo, the series
Y omet Jap ¥ dlog fn converges absolutely.

Recall now that the set of positive divisors of degree k supported in any V-disk
D can be considered as the k-th symmetric product D*), and can be naturally
endowed with a k-dimensional complex manifold structure, it being well known
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that in this manifold the Newton sums are coordinates, i.e., the mapping from
D) into C* with components o1, ..., 0 is a holomorphic isomorphism of D)
with an open subset of C* ([4], [5], [8]). The functions Ai,..., A defined in V(*)
by the equality of polynomials in z, 2% + A\ (8)2% "1 + -+ + Ae—1(8)z + Ae(6) =
(z—2(p1)) - - (z—2(py)), for every § = py+- - -+pr € V) also form a coordinate
system in V(®). If we further define A;(8) to be 0 for j > k + 1, then between
both sets of functions {c;};en and {A;};en, there exist the relations expressed
by the following Newton formula, valid for every j € N and every 6 € V() (see,
for instance, Chrystal [1]):

(2.5.1) 05(8) + M(B)ajo1(8) + -+ Ay-1(8)01 (6) + jA;(8) = 0.

Remark: Tt is easy to deduce from (2.5.1), by induction on j, that if |o,(8)| <
RJ for some R > 0 and 1 < j < k, then |A;(8)] < R’ also holds for 1 < j < k.
Similarly, one proves that |A;(6)| < R/, for 1 < j < k, implies that |o;(8)| <
(27 —1)R7, for 1 < j <k

From now on, in this section, (h,) will be a normalized sequence of functions
in M(V) with degrees bounded by & € N, and (é,) will be the corresponding
sequence of divisors. Since we have supposed that oo is not a Weierstrass point,
condition (1) of the Introduction for the sequence (h,) does not make sense if
k < g. Therefore, we shall restrict ourselves to the case k > g + 1.

The following analogue of Abel’s theorem implies that functions in M (V) with
degree < k and zeroes and poles sufficiently close to oo must be A-simple.

THEOREM 2.6: There exists a V-disk D (depending on k) such that a divisor
§ = 6t — 6, with 0%,6 € D™ is principal if and only if ¢;(6) = 0, for
1<j<yg

Proof: Integrate both members of the first equality in (1) of Proposition 2.4
along the curves By, ..., By, and reason for instance as in the proof of Theorem
2.17in [3]. |

Despite the similarity of Theorem 2.6 with (3) of Proposition 2.4, note the dif-
ference between both statements. In fact, an arbitrary function h € M(V) with
divisor supported in A need not be A-simple, this condition being equivalent to
¢;(6) =0, for 1 < j < g, where J is the divisor of .

The coordinate system considered in the following theorem will be essential
to obtain the improvement mentioned in the Introduction.
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THEOREM 2.7: The functions ¢1, ..., ¢g,0¢+1,- - - , 0 form a coordinate system
in D®) | for some V-disk D.

Proof: Tt is a consequence of Remark 1 of I11.11.9 in [4] and Proposition 1.1 (or
part“a” of the Proposition in 111.11.11 of {4], applied to the divisor goo, bearing
in mind the relations between y1,...,¢, and the functions ¢;(a) = f; wj)-
i

COROLLARY 2.8: IfY°° 1|0;(6,)| converges for g+1< j< k, then 3> |1(0y)]
also converges for every holomorhic function v in some neighbourhood of 0o such
that 9 (o0) = 0.

Proof: By Proposition 2.2 and Theorems 2.6 and 2.7. |

THEOREM 2.9: []2, hn converges normally in V' if and only if (6,) tends
to oo and Y. 0;(0n) converges absolutely for g +1 < j < k. Further-
more, any one of these equivalent conditions implies the absolute convergence

of Z;.LOZI 01 (671)7 vy ZZOZI Ug((sn).

Proof: Let D be a V-disk, and suppose that [~ , h, converges normally in V'.
Then, multiplying by z7 the series 5 - | dlog h,, integrating along the bound-
ary of D, and using (1) of Proposition 2.4, one easily arrives at the conclusion
that 32 |0;(8,)| converges for j = 1,...,k.

Conversely, assume that these series converge for g +1 < j < k and that (d,)
tends to 0. Let 4 be a holomorphic function in some neighbourhood of D veri-
fying (c0) = 0. Then, again by (1) of Proposition 2.4 we have [, ¢ dloghy, =
27it)(d,,) for every n € N. Therefore, by Corollary 2.8, [, ¢ dlogh, converges
absolutely, from which by Theorem 2.5 one deduces that [] - hn converges
normally in V' ]

Apologies for an error (of minor importance) in [3]: J. M. Verde and the author
apologize to the editors and to the readers of Israel J. Math. for their insufficient
care while thinking through some details of the proof of Theorem 2.16 in [3]. In
fact, the first two of the five supposedly equivalent conditions appearing in that
theorem are really equivalent and imply the convergence of the product there
considered, but the other three conditions (which are also equivalent to each
other) do not imply in general the first ones if ¥ > g+ 1, as can be deduced for
instance from Theorem 2.7 of this paper.
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3. General case

First, we introduce a certain class of double series of complex numbers and
expose some of their properties. We shall explain later the relation between this
kind of series and normally convergent products of functions.

Definition 3.1: Given p € N, a double series 377 _; ajn, with a;, € C
for all j,n € N, will be called geometrically convergent from the p-th row
(Gp-convergent for short) if for every ¢ > 0 there exists ng € N such that
Yon s ljin| < € for every j > p.

Note that, for every N € N, }:fnzl a;n is Gp-convergent if and only if the
same is true for Y jeN,n>N ®jn- Observe also that, assuming the convergence
of >0, lajnl for § > p, it suffices that the inequality of the definition holds for
all sufficiently large values of 7 in order that it does {with a possibly different
ng) for all j > p.

If necessary in the sequel (because of not being explicitly mentioned), when-
ever we consider a double series, it will be supposed to have complex terms. We
state now some clear consequences of the definition.

o>

ProposITION 3.2: Ifpe Nand 3_ 7 _
1) Zj>p’n>n0 |ovj,n|, with ng as in Definition 3.1, converges (note, however,
that this may not be true for 22%@1 |atjnl).
(2) The sum of %
this property too.
(3) For every R >0, 3°3° | @ n R/ is also G,p-convergent.

1 ®j.n is Gp-convergent, we have:

;,onzl o, with any other Gp-convergent double series has

Another easy consequence of the definitions is the following:

PROPOSITION 3.3: For every p € N and 3°3 _; @jn, such that 377 o is
absolutely convergent for j > p, the following conditions are equivalent:

(1) X5 n=1 @jn is Gp-convergent.

(2) limji e 00 /2 pmg log,n] = 0.

(3) For every € > 0 there exist ng,m € N such that Y7 |aja| < ei/ml | for
all j > p (or sufficiently large), where [j/m)] is the integer part of j/m.

We now begin to explain the relation of this type of series with infinite prod-
ucts of functions. Firstly, we prove an auxiliary result in whose statement D
is the unit disk in C (i.e., the open disk with radius 1 centered at 0), D is the
group of finite divisors in ID, and s;(4) is the j-th Newtcn sum of 6 with respect
to the natural coordinate in C (defined in the same way as in the Introduction)
for every d € D and j € N.
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LEMMA 3.4: Let f: D — D be holomorphic and univalent, with f(0) = 0,
and let f: D — D be the unique group homomorphism which, restricted to D
(identified with the subset of D formed by the positive divisors of degree 1),
coincides with f. Then, one has |s;(f(9))| < an":j [sm(8)|, for every 6 € D
and j € N.

Proof: Lety ~_ ; j,mz™ be the power series expansion of f7 in D, and consider
somed =a;+---+ar— (b +---+bs) € D. Then,

15;(f(9)]
=|f(a1)’ + -+ flar) = (fbr) + - + f(bs)’)]

o] o0 o0 o0
= ’ Y Hgmal e+ Y pymar - (Z#j,mbin+"’+ zﬂj,mbfﬂ

m=j
m=j

Since >°7°_ mipjm[* < j (the well-known case j = 1 and f'(0) = 1 can be
found for instance in [7], it being easy to see that the arguments there used for
this particular case can be adapted to prove the general one), it is clear that
one deduces the inequality of the statement. 1

We shall see later that for p > ¢ + 1, the following theorem is an indirect
consequence of the proofs of Theorems 3.11 and 3.14 below. Nevertheless, we
have included Lemma 3.4 and the brief proof of the theorem for the sake of
completeness and logic of the exposition.

THEOREM 3.5: Let (6,) be a sequence of divisors in V tending to co. Then, for
every p € N, the condition that anzl 0;(8,) is Gp-convergent is independent

of the coordinate z considered (verifying z(c0) = 0).

Proof: Let w be another coordinate in a neighbourhood of V (reduce V if
necessary) such that w(oo) = 0. By (3) in Proposition 3.2, we can suppose
without loss of generality that |w| < |z| in V. For every finite divisor ¢ in V
and j € N, let 07(5) be the j-th Newton sum of § with respect to w. Then from
Lemma 3.5, applied to f = wo 27!
10}(62)] < 52 om (80

Assume now that Efnzl 0(d,) is Gp-convergent. Then, for every € €
(0,1/2), there exists ng € N such that Y72 |om(dn)| < €™ for m > p. So, for

, one deduces that for all j,n € N, we have
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which one easily deduces that Y% _, 0(8,) is also G,-convergent. |

Jm=1"J

We want now to use Theorem 3.5 to define a certain type of convergence of
sequences of divisors in V, but we first justify the use of the term“convergence”
with the next theorem, which also shows that in Theorem 3.5 the hypothesis that
the sequence (6,) tends to oo is essentially superfluous and can be replaced by
the assumption (in any case necessary in order that the 0;(d,) are defined) that
almost all the 4,, are supported in V (or any other coordinate disk containing
00). Its statement will be preceded by a lemma in which we again use the
notations of Lemma 3.4.

LEMMA 3.6: Let ¢ be a divisor in C of the form 6y + &, where 61 = Y.;_, n;a;,
with a; € 0D all different and n; € Z*, and 85 € D. Then there is a subsequence
(5. (8)) of (sj(6)) such that |s,, (8)] > 1/2%* for every k € N.

Proof: As is well known, the s;(d;) are the coefficients of the Taylor series in
some disk centered at 0 of F'/F, where F is a rational function in C having
S nia; ' as divisor. We deduce that the convergence radius of this series is
1 and so im;o ¢/]5;(81)] = 1. Similarly, we see that lim; o ¢/]5;(82)] < 1.
Therefore, there is a sequence (ji) of subindexes such that limy e /(s (d1)]
=1, and such that limy_, (55, (62)/8;,(61)) = 0. Since this implies that there
exists ko € N such that |s;(61)] > (2/3)%% and |s;, (6)] > 3/4]s;.(61)], for
k > ko, we easily obtain the desired conclusion. ]

THEOREM 3.7: Let (8») be a sequence of finite divisors in V. If 3375 _ 0;(6,)
is Gp-convergent for some p € N, then (8,) tends to co.

Proof: Consider any € € (0,1/2), and let np € Nbe such that Y377 |o;(8,)| <
¢! for 7 > p. In particular, |0;(d,)| < € holds for every n > ny and 5 > p.

Let us now denote, for simplicity, by § any of the §,, with n > ny. Then, one
easily deduces from Lemma 3.6 that there exists a sequence of subindexes (j)
such that |0, (6)| > (R/2)% for every k € N, where R is the maximum of the
moduli of the coordinates of the points in the support of §. Therefore, R < 2e,
that is 4 is supported in the V-disk with radius 2e. ]

Theorems 3.5 and 3.7, which of course can be applied to any other point ¢ of
V, instead of co, and sequences of divisors in V tending to ¢ (this will be useful
in Section 5), imply that the following definition is correct.
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Definition 3.8: Given p € N, we shall say that a sequence (é,) of divisors in V
is Gp-convergent (or G-convergent, if p = 1) to a point ¢ € V, if there exists a
coordinate disk W containing ¢ and all but a finite set of supports of the §,, and
if the double series } .y > 075(dn) is Gp-convergent for some N € N, where
05(dn) is the j-th Newton sum of é, with respect to a coordinate w in W such
that w(q) = 0.

A sequence (8,,) of divisors in V, which is G,-convergent to co, will be simply

said to be G,-convergent (or G-convergent, if p = 1).

Note that the Gp-convergence of the double series ) jeNn>N 07(8y) of the
definition does not depend on the N € N considered (provided that o7(d,) is
defined for n > N).

Obvious consequences of the definition are:

(1) A sequence (6,,) of divisors in V is Gp-convergent, for some p € N, if and
only if (d,]yr) is.

(2) If (0») and (4,) are G,-convergent sequences of finite divisors in V for
some p € N, then the same is true for (6, + &,).

(3) If a, € V for every n € N and (b,,), (¢,) are sequences in V tending to oo,
and if the series > | |z(an)|, Yney |2(by) — 2(cy)| are convergent, then (a,)
and (b, — ¢,,) are G-convergent sequences of divisors in V. If we only suppose
that for some p € N, 377 |2(an)|” and Yoo, |2{bn) — z(cy)|P converge, then
both (a,) and (b, — ¢y,) are Gp-convergent.

Similarly as in (3) of above, but not as easily, we have:

PROPOSITION 3.9: Let (6) and (6;) be two sequences in V¥) for some k € N,
and 6, be 6} — &, for every n € N. Then, (8,) is G-convergent if and only if
(6n) tends to oo and Y oo, 0;(6,) converges absolutely for 1 < j < k.

Proof:  One implication is clear from Theorem 3.7. Let us prove the other:
Given € > 0, consider a V-disk W such that |A;] < €/2k and |o;| < 1 in
W® for 4 = 1,...,k (notation as in 2.5.1). Let ng € N be such that 4,
is supported in W for n > no, and such that Y32 |o:(6F) — 0:(6;)] < 1,

>y 1Xi(64) = Xi(6;)] < €/2k, for i = 1,..., k. Then, one easily deduces by

induction from (2.5.1) that for every j > k+1, |a;] < €¥/¥ in W®), From this
and from

k
05(67)=05(67) = Y M0 (05-i(65)) = 05-i(87)) + (N (81 ) = a(67 ))os—s(67),

=1
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we can obtain, also by induction, that

[e¢] [o o]
> o (65) — o567 = Y loy(6a)] < €978,
n=ngp n=ng
Hence, by (3) in Proposition 3.3, the desired conclusion follows. 1

Remark: Note that if we replace in Proposition 3.9 the condition of the con-
vergence of Y o |0;(8,)], for 1 < j < k, by the weaker one of the convergence
of these series for p < j < k, with p € N and 2 < p < k, one cannot obtain
the conclusion that (8,) is Gp-convergent. To see this, consider any such p.
Then, there exists a unique sequence (8,) in V) with 0,(6,) = 1/(logn)? for
1<j<p-1andeveryn €N (and so, A;(é,) =0 for 2 < j < p—1 and every
n € N), and with ¢;(6,) = 0 for p < j < k and every n € N. Now, use (2.5.1)
to see that

-1
= (- 1)j(logn)?

and that 2p—1 < k = 0;(0,) +jA;(8,) is as above for p+1 < j < 2p—1andis

k§2p—2=>aj(5n)+j)\j(6n) forp+1<5<k+1,

p—1
(J = 1)(j — p)(logn)

Finally, deduce that > o | ox41(d,) does not even converge.

for 2p<j<k+1.

The following auxiliary result will be fundamental.

LEMMA 3.10: Let (4,,) be a Gp-convergent sequence of divisors in V, for some
p € N. Then, 377 | |h(6,)| converges for every holomorphic function h in a
neighbourhood of oo having a zero of order > p at co.

Proof: Let D be a V-disk such that h is holomorphic in D, and let 3772 o 27 be
the power series expansion of h in D with respect to z. Since lim;_o {/]o;| <
00, there exists B > 0 such that |a;] < R’ for every j € N. Now, by (3)
in Proposition 3.2, anzl 0j(6n)RI is Gp-convergent. Therefore, the double
series .
that Y
|

i>pm>no loj(8,)|R? converges for some ng € N, whence one deduces

|ot;o;(8,) converges, and hence that Y {h(d,)| converges.

J2pn>ng n>ng

THEOREM 3.11: Let (6,) be a sequence of finite divisors in V. Then, the
following conditions are equivalent:
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(1) There exists a sequence (f,) in G, having (8,|y) as sequence of divisors
and such that [],-, fn converges normally in V'.

(2) (dn) is G gy1-convergent.

(3) (8n) tends to oo and 3 .-, |h(d,)| converges for every holomorphic func-
tion h in a neighbourhood of co having a zero of order > g + 1 at oo.

Proof: (1)=(2). Let € > 0, and D be a V-disk with radius < e. If (f,)
is as in the statement, then Y~ dlog f, also converges normally in V'. By
Proposition 2.3 we can suppose that all the f, are A-simple, and from (2) of
Proposition 2.4 we deduce that [, 2/ dlog fn = 0;(d,) for every n € N and
j > g+ 1. Consider any such j, and let ng € N be such that

Z Hdlog fn

with the usual notation denoting the supremum norm. Then, one has

Z|‘7]‘H Z

n=ng n=no

< 2meltt Z ”dlogfn ,

< 2mel Tt
D

/ 2V dlog fy,
8D

from which we easily deduce that (6,,)) is Gg41-convergent.

(2)=(3). By Theorem 3.7 and Lemma 3.10.

(3)=(1). Let f, be a A-simple normalized function in G, with divisor d,[y-,
for every n € N. By Theorem 2.5 it will suffice to see that for every V-disk
D and every holomorphic function ¢ in some neighbourhood of D verifying
P(00) = 0, the series 3>, [, -1 dlog f, converges absolutely. Let Z‘J’il a;z’
be the power series expansion of 1 in some neighbourhood of D with respect to z,

and let ¢4 be the function defined in this neighbourhood by 9, = 3%

o]
j=g+1 %%

By (2) in Proposition 2.4, we have

/aDiﬁdlogfn = 27 (zp(én) + iaj(pj(én)>

= 2mi (lbg )+ ZO‘J ©;(6n) + 0;(6 )))

=
whence one obtains from Proposition 1.1 the desired conclusion. ]
COROLLARY 3.12: Let (6,) be a sequence of divisors in V. Then the following

conditions are equivalent:
(1) 302, 65,00 converges normally in V'.
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(2) (én) is G-convergent.
(3) (8,) tends to oo and Y oo, |#(6,)| converges for every holomorphic func-
tion ¥ In an open neighbourhood of oo, having a zero at co.

Proof: (1)=(2). Given € > 0, let D be a V-disk with radius < ¢. Then, (2)
in Proposition 2.4 implies that [, 2705, = 0;(,) for every j,n € N, from
which one deduces (2) as in the proof of Theorem 3.11.

(2)=(3). By Theorem 3.7 and Lemma 3.10.

(3)=(1). Let 9 be as in the statement. For every n € N consider a A-
simple normalized f,, € G, with divisor é,,. Then, by Theorem 3.11, ]—[Zo=1 fn
converges normally in V', and so the same is true for Y ., dlog f,. Therefore,
by Proposition 1.1 and (2) in Proposition 2.4, "7 ; 85,00 converges normally
in V. ]

COROLLARY 3.13: Let (h,) be a normalized sequence in M (V) with sequence
of divisors (6,). Then [[,°_, hy converges normally in V' if and only if (8,) is
G-convergent.

Proof: Assume that [],-, h, converges normally in V'. Then, by Proposition
2.3 and (1) in Proposition 2.4, 3 oo | 05, « also does, which implies, by Corollary
3.12, that (4,,) is G-convergent.

Conversely, if (6,,) has this property, then again by Corollary 3.12, "7, 65, 0o
converges normally in V'. In particular, limp_o0 [ B, 05,00 =0, for 1 <j <y,
whence one deduces (as in the proof of Theorem 2.17 in [3], for instance) that
there exists ng € N such that n > ng implies that h, is A-simple, whereupon
from (1) of Proposition 2.4 we obtain the desired conclusion. |

The following result includes as a particular case Theorem 3.11, and general-
izes a previous one appearing in [3] for the bounded case. In its statement, for
every £ € N with ¢ > g, GY, denotes the group of meromorphic functions in V'
having at oo a polynomic exponential singularity of degree < ¢ (and so G, is
what we have previously called Go).

THEOREM 3.14: Let (8,) be a sequence of divisors in V. Then, the following
conditions are equivalent:
(1) There exists a sequence (f,) in G%, having (8,|y) as sequence of divisors
and such that [, f» converges normally in V'.
(2) (0p) is Gy41-convergent.
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(3) (6,) tends to oo and ¥ o ; |h(8,)| converges for every holomorphic func-
tion h in an open neighbourhood of oo having a zero of order > £+ 1 at
this point.

Proof: (1)=>(2). As in the proof of Theorem 3.11.

(2)=(3). By Theorem 3.7 and Lemma 3.10.

(3)=(1). By Theorem 3.11 we can suppose that £ > g+1. Reasoning as in the
proof of Theorem 2.14 in [3], first choose, for every n € N, a A-simple and nor-
malized F;, € G, with divisor d,. Consider also H, € M(V)NO(V'), such that
122, Fref= converges normally in V'. Then use the Riemann-Roch theorem to
obtain h, € M{(V)NO(V') such that the coefficients of 1/29%1,1/29%2, .../ 1/2*
in its Laurent series in V' vanish and such that orde(H, — hy) > —£. Finally,
note that the proof finishes if 3 - h, converges normally in V'. To see this,
argue as in the mentioned theorem. ]

Note that in the proof of Theorem 3.14, condition (2) of its statement could
have been replaced by the G, 1-convergence of 55 ;n=10;{(0rn). Therefore, one
deduces the validity of the observation made just before Theorem 3.5.

Remark: We need not investigate any characterization of the sequences (4,)
as above such that there is a normally convergent product [ 2, fn, with f,
belonging to some G%, (with £ possibly depending on n) and having 4, as
divisor for every n € N. In fact, there always exists such a product. This is
Giinther’s theorem ([6]), of which a modern proof can be found in [3].

4. Sequences of positive divisors

In this section we shall deal with special properties of the sequences of positive
divisors in V, or existence theorems of certain sequences of such divisors. First,
we see that G-convergent sequences (d,) of positive divisors in V can also be
characterized by means of the double series ¥ > _, A;(8,) (vecall that X;(6,) =0
for j > degree(dy,)).

Jyn=1

THEOREM 4.1: Let (8,) be a sequence of positive divisors in V. Then, (4,) is

G-convergent if and only if the double series 3. _; A\;(6,) is G-convergent.

Fn=1

Proof: Consider for any no, N, 7 € N, with ng < N, the equality

N

Za](a +sz\g Joi—e(Bn) +35 Y Aj(6a) =0,

n=ng =1 n=n9 n=no
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which is an obvious consequence of (2.5.1), and use it to prove by induction on
j, as in the Remark of Section 2, that if 3> |0;(dn)] < ¢/ for some € > 0
and every 7 € N, then also E:’:no [Aj(6,)] < € for every j € N, and also that if

Yoty IAi(60)] < € for every j €N, then 377 ]0;(8,)| < (27 —1)¢’ for every
j € N, from which we easily obtain the above conclusion. 1

Theorem 4.1 cannot be generalized to the case of Gp-convergence, with p >
2. Indeed, if we consider any G-convergent sequence (4,) of positive divi-
sors in V and a sequence (a,) in V such that 3, |z(a,)|? converges but
Y024 12(an)|P™ does not, with p > 3, then (6, + an) is Gp-convergent (not
Gp-1-convergent), but an:l Aj (8, + an) is Ga-convergent.

The following proposition is very easy to prove. Simply take into account
that o1,...,0} are coordinates in V(¥).

PROPOSITION 4.2: Let (d,) be a sequence of positive divisors in V with degrees
bounded by some k € N. If 3>°  |0;(d,)| converges for 1 < j < k, then (dy)
tends to 0.

Note, however, that if we had instead considered a sequence (§,) of not neces-
sarily positive divisors, then we could not have deduced from the only hypothesis
of the absolute convergence of all its series of Newton sums that (d,) tends to co.
Take for instance 8;},d, € V®) | for every n € N, whose coordinates o1, ..., 0%
have moduli > 1/2, but verifying that |0;(0;}) — 0;(0;)| < 1/2", for 1 < j <k
and every n € N (which implies by Proposition 2.2 that Y2, |0;(6}) — 0;(d;, )]
also converges, for every j € N, if we further suppose that both (8;), (6;) tend
to 00}

Relying on Proposition 4.2, one may perhaps expect that in the not necessarily
bounded case the hypothesis that all the series Y-, |0;(d,)| converge for j € N
could be sufficient to conclude that a sequence of positive divisors (6,) tends to
0o. We shall see that this is not true after proving two auxiliary results.

LEMMA 4.3: For any n € N, and (wy,...,w,) € C*, with |w;| < 1/27 for
1 < j < n, there exists 8, € V(") such that 0;(6n) =w, for 1 < j <n.

Proof: By the remark following (2.5.1), for any divisor &, such that |;(d5)| <
1/2/ for 1 < j < n, one also has |A;(d,)] < 1/27 for 1 < j < n. Therefore,
the desired conclusion can be obtained from a well-known inequality concerning
polynomials (see, for instance, Proposition 1.1 in [8]). ]

In the following lemma and theorem, we shall consider a V-disk W with radius
1/3.
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LEMMA 4.4: For every n € N and € > 0 there exists 6, € V(™ — W) such
that |0;(6n)] < € for1<j<n-1.

Proof: We can of course suppose that ¢ < 1/2. From Newton’s formula,
Un((sn) + A (5n)‘7n—1 (5n) + ot /\n—-l(‘sn)al(‘sn) + n)\n(‘sn) = 0, with 4, €
V(") one obtains an equality of the type 0,(0n) + Pn(01(0r),...,0n-1(65)) +
nAn(0r) = 0, for some polynomial P, in n — 1 variables. Since the polynomial
P, is not identically zero, we can consider, for any n € N, wy,...,wp—1 € C
such that |w;| < €, for 1 <j <n -1, and Pp(wi,...,wn-1) #0. Let w, € C,
with |w,| < 1/2", be such that |w, + Pp(wy,...,wn-1)| > 1/2". Then, by
Lemma 4.3, there exists 6, = Yo, an; € V(™ such that 0;(8,) = w; for
1 < j < n. Taking now into account that w, + Pp(wi,...,wn-1) = —nAn(dn),
we see that |\, (6,)] > 1/n2”, which implies that at least one of the |z(an)]
is > VW > 1/3, that is, at least one of the a,; does not belong to W, as
required. |

It is already possible to prove in an easy way the above mentioned:

THEOREM 4.5: There exists a sequence (6,) of positive divisors in V such that
Yoo 1 16(6n)| converges for every j € N, but (8,,) does not tend to cc.

Proof: Consider for every n € N, 8, € V(™ — W gsuch that |o;(8,)| < 1/27
forl<j<n—-landn>2. ]

We finish this section by showing the existence of sequences (4,) of positive
finite divisors in V', such that:

(1) The series of the j-th Newton sums of the d,, converges absolutely for
every j € N.

(2) (85) tends to oo.

(3) (65) is not G-convergent.

Note that condition (2) is not necessarily a consequence of (1) by Theorem
4.5. Note also that it is easy to see that there are series an:l 0jn With
all its rows absolutely convergent but not G-convergent (take, for instance,
ajn = (j/7 + )" for j,n € N). However, this is not sufficient to obtain the
above conclusion, since for a positive finite divisor § € V"), with n € N, it is
not possible to arbitrarily preassign the values of all the ¢;(6) but only the first
n ones. Furthermore, the values of the 0;(d,) that we can arbitrarily prescribe
must guarantee that (J,) tends to oo, or we can alternatively choose the points
defining the divisors é, in a suitable way, as in the following:
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THEOREM 4.6: Let (ay,) be any sequence of real numbers of the interval (0,1)
converging to 0, p,, be a primitive n-th root of unity for every n € N, and ¢, be
the divisor Z?:I ni, with an; € V and 2(an,;) = anpl, for 1 <1 < n. Then,
there exists a sequence (ky) of natural numbers such that the sequence (6,),
defined by 6, = 4, for each n € N, where m € N is minimum verifying that
n < ki + -+ kn,, fulfils the above three properties.

Proof:  First, note that (J)) tends to oo and that, for j € N, the series
S L a;(87,) are absolutely convergent because all but a finite set of their terms
are zero. Therefore, the same must be true for any sequence of the type of the
(6,) as in the statement.

Let F,, € G be A-simple, normalized and with divisor d),, for every n € N.
Then, it is easy to see that there is a sequence (k) of natural numbers such that
[12, F¥» does not converge normally in V'. Consider now the sequence (f»)
whose first k; terms are equal to Fy, followed by ko terms equal to F3, and so
on (i.e., fn = F,, with m € N minimum such that n < ky + - + kn,, for every
n € N). Then, it is clear that [, , f» does not converge normally in V', whence
by Proposition 2.3 and Theorem 3.11 one obtains the desired conclusion. i

5. Generalizations

First, we want to show that some of the foregoing results are valid, with the
natural modifications, in the more general case in which co may be a Weierstrass
point. Unless otherwise stated we maintain the notations used in the preceding
sections.

Let #; < -+ < {4 be the Weierstrass gaps at oo, and L = {¢y,...,4,}.

Definition 5.1: A holomorphic function in any V-disk, taking the value 0 at oo
and having null coefficients of 21, ..., 2% in its Taylor series, will be called a
L-function.

For j = 1,...,g, let 8; be the unique holomorphic differential in V' such
that 6; — dz/z%*! is holomorphic in V, and such that f 4,0, =20 for every
i=1,...,9. Foreveryae A" and j = 1,...,g, let p;(a) € C be such that
Baco +Z§:1 ¢;i(a)8; has null integrals along By, ..., B,. Then, as in Proposition
1.1, ¢1,. .., ¢4 prolong to holomorphic functions in A, and each sum ¢; + 2,
with 1 < j < g, is a L-function. For any a € A" — {g}, let f, € G(V') be
the unique normalized function defined by dlog f, = fa00 + 2.5—; ¥;(a)8;, and
consider the multiplicative group G generated over M*(V) (= M(V) — {0})
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by all these functions f,. Then, G, is the subgroup of G(V') formed by the
functions which are in V’ of the form heP(1/#) with h meromorphic in V and P
a linear combination with coefficients in C of 1/2%,...,1/2% (see [2]). So this
definition coincides with the previous one when oo is not of Weierstrass and, as
in that case, G contains functions with all possible finite divisors in V',

Definition 5.2: A double series Y 7 _; @jn, With o € C for all j,n € N, will
be called L-geometrically convergent {or Gp-convergent for short) if for every
€ > 0 there exists ng € N such that lajn| < €, for every j € N— L.

0
n=ngp

This type of series corresponds to normally convergent products of functions
in G in a similar way as in Theorem 3.11. Note that in this more general case,
Theorem 3.5 (with the same statement) remains valid. However, in relation
to a possible definition of G -convergence, it is not possible to use Lemma 3.4
to deduce directly an analogue of Theorem 3.5 (save for the case of all the
functions being meromorphic in V), as is not difficult to see using the above-
mentioned extension of Proposition 1.1). Anyway, as a consequence of the
following generalization of Theorem 3.11, the condition in Definition 5.2, applied
to a series of the type 3.y ,>n0j(6n), is independent of the coordinate z
considered. Thus, it makes sense to speak of G 1 -convergent sequences of divisors
in V in the analogous sense to that of Definition 3.8. Note that, by Theorem
3.7, such sequences must tend to co.

THEOREM 5.3: Let (4,,) be a sequence of divisors in V. Then, the following
conditions are equivalent:
(1) There exists a sequence (f,,) in G having (8,|1+) as sequence of divisors
and such that T[], | fn converges normally in V'.
(2) Xjm=104(8,) is Gr-convergent.

(3) (6n) tends to oo and ¥, |h(J,)| converges for every L-function h.

Proof: Similar to that of Theorem 3.11. B

From Theorem 5.3 one can obtain an analogue of Corollary 3.12 and also the
following:

COROLLARY 5.4: Let (h,) be a normalized sequence in M (V) with sequence
of divisors (6,). Then [] -, hn converges normally in V' if and only if (8y,) is
G-convergent.

We now undertake a second brief generalization of part of what we have
exposed in previous sections. From now on V" will be the complementary in
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V of a finite subset S = {001,...,00.}, with r > 2. We shall also consider for
1 <3 < r a coordinate disk V; in V centered at oo;, such that V; C A, with
Vi,...,V, disjoint, and such that the point gy (which we are using to normalize
functions) belongs to ¥V — (I, V. V; will be V; — {c0;}. L; will be the set of
Weierstrass gaps at 0o;.

We shall put for simplicity oo = 001, V' =V — {001}, V =V, and L = L,.
As above, I} < --- < I will be the Weierstrass gaps at co. When it does
make sense and there is no danger of confusion, we shall continue using the
terminology previously employed for the point co, and the analogues for the
rest of points of S (for instance, the expressions V;-disk, G1,-convergence, etc).

Definition 5.5: A holomorphic function in any neighbourhood of S which is
a L-function (at co) and takes the value 0 at all points of S will be called a
L-function.

Definition 5.6: We shall say that a sequence (J,) of divisors in V is G-
convergent (resp. G-convergent) to S if the following conditions hold:

(1) All but a finite set of the 6, are supported in {JI—, V;.

(2) (8,]v) is G-convergent (resp. G-convergent) to 0o.

(3) (8n|v;) is G-convergent to oo;, for i = 2,...,7.

Note that, by Theorem 3.7, if (d,|v;) is Gr,-convergent to co;, then the
sequence (d,|y;) also tends to co;. So, if (8,) is G¢-convergent to S, it tends
to S too (in the obvious sense that every neighbourhood of S contains all but
finitely many supports of these divisors). Note also that it may happen that a
sequence of divisors (d,,) in V tends to S and one (or more) of the V; contains
no point of the supports of the §,,. Something similar is of course possible in
relation to the G £-convergence.

THEOREM 5.7: Let (f,) be a normalized sequence in G« whose sequence of
divisors (8y,) is G-convergent to a point oo’ of V'. Then, [] ., fn converges
normally in V' — {c0'}.

Proof: Let G be the analogue of G, corresponding to oo'. Let E be the
subspace of O(V' — {0'}) formed by the functions taking at ¢o the value 0,
having at oo a singular part of the type

A1) | X(lit])
g+l IS
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with @_(g,41),---,@—(¢,41) € C, and with a singular part at oo’ of the same
type ) .
s I R e))
RS L

where 2’ is a coordinate, vanishing at oo’, in some disk D centered at oo’,
1---» ¢y are the Weierstrass gaps at oo’ and a'—(eg+1)7 ... ’0"—(31+1) € C. For
every n € N, let H, be the unique function in E such that f,ef» € Gy (which
exists by the Riemann-Roch theorem, for instance). Then, by Theorem 5.3,
122, frefl» converges normally in V — {00}

From Proposition 2.3 and the analogue of (2) in Proposition 2.4, we see that
there exists ng € N such that the coefficient of 1/2 % in the singular part of H,
at 0o’ can also be expressed as ¢’;(dn) /Z;-z’e; ,forn >mng and 1 < j < g, where
@1, -, ¥, are the analogues for the point 0o’ to the ¢1, ..., ¢y above considered.
Then, since the mapping from E into C? defined by h — (a’_( ERITRRES a’—(eg +1))
(notations as above) is an isomorphism of C-vector spaces, we deduce from the
G-convergence of (d,) to oo’ that, for 1 < j < g, the series Y72, [¢}(d,)|
converges, that is, the series of coordinates in F of the functions H, converge
absolutely. Therefore, the series Y o, H, converges normally in V' — {c0'},
from which it clearly results that [] -, f» also converges normally in V' — {o0'}.
|

THEOREM 5.8: Let (0,) be a sequence of divisors in V. Then, the following
conditions are equivalent:
(1) There exists a sequence (f,) in G having (8,|y) as sequence of divisors
and such that [[,_, f. converges normally in V".
(2) (9,.) is G.-convergent to S.
(3) (,) tends to S and 3.~ , |h(d,)| converges for every L-function h.

Proof: (1)=(2). Let (f») be asin condition (1). Then, each product [];2,fn|v:
converges normally in V; too, for i = 1,...,r, and one deduces as in the proof
of Theorem 3.11 that (,) is Gr-convergent to oo and G-convergent to every
other point of S. Thus, (4,) is G-convergent to S.

(2)=(3). Let 9 be a L-function, and consider, for i = 1,...,r, a Vj-disk D;
such that 7 is holomorphic in U?:l D;. Let v; be the restriction of 1 to D,.
Then, one sees as in the proof of Lemma 3.10 that 3.~ | |%:(6x]p,)| converges
fori=1,...,7, and so Y o, [#(d,)| converges too.

(3)=>(1). We can suppose that 4, is supported in (JI_, V;, for every n € N.
Let d;n, be dyly;, for 1 < i < r and n € N. Then it is easy to see that (4 )
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verifies condition (3) of Theorem 5.3, and so this theorem implies that (d; ,,) is
G-convergent to co. Similarly, one sees that for 2 <4 < r, (4;) verifies the
analogue, for the point 0o;, of (3) in Corollary 3.12, whence it results that (4; ,)
is G-convergent to oo;, for 2 << r.

Let fi n € Goo be A-simple, normalized and with 4, ,, as divisor, for 1 <i <r
and n € N. Then, by Theorem 5.3, [[o~; fi,» converges normally in V', and
by Theorem 5.7, [],~, fin converges normally in V' — {00;} for 2 <4 <r. Let
fn be [1i_, fin for every n € N. Then f, € Go, its divisor is &,|y for every
n € N, and [[2, fn converges normally in V. |

COROLLARY 5.9: Let (hy,) be a normalized sequence in M (V) and (d,) be its
sequence of divisors. Then [],>, h,, converge normally in V' if and only if (6,)
is G-convergent to S.
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